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Notation

e \We take our nomenclature for electromagnetic fields
from Jackson. In particular, a plane parallel elec-
tromagnetic field of frequency v propagating in free
space in a direction n is written as:

¢ ~ Aei(k-x—wt)

with
w = 2mv =2nc/A
k = w/c=2nv/c
k = kn

See Jackson Chapter 7 for more details.



Diffraction From a Single Aperture

e Recall Diffraction From a Single Aperture. Huy-
gens Principle Gives a Computational Mechanism
For Computing the Radiation Pattern from a Sin-
gle Aperture.

e Far-Field (Fraunhofer) Diffraction Pattern From a
Circular Aperture:
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e Resolution limited by characteristic angular scale
A/d




Young's Double Slit

Exploit analogy of optical interferometers and Young’s
double-slit experiment:
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A Model Optical Interferometer
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e For a monochromatic source, the incident optical
phases are proportional to (the real part of):

¢1 ~ ezk-xle—zwot — e—zkos-xle—zwot 51

and

'I:k'Xz —'I,th

¢2 ~ e e e—zkos-xze—zwot

e—iko§-xl e—ZkogBe—ZWOt
e—iko§-B

_>

absorbing a common phase factor e toSx1 g—iwot

e Assuming internal pathlength delays di and d», the
fields at combination are:

¢1 ~ eikodl
¢2 ~ eikodz e—ikog-B
¢net = gb]_ —I— ng = (eZkOdl _I_ €Zkod2e—2kos-B>

e SO the time-averaged detected power is propor-
tional* to ¢;.; dnet:

Pocgb;;et gbnet = 2(1—|—COSk0(§-B—|—d1—d2))
= 2(1+ coskoD) (1)

P =2AF (14 coskoD)

*Making some simplistic assumptions about beam com-
bination that are incorrect in detail, but simplify the
appearance of the mathematics.



Fringe Projections on the Sky...

e Eg. 1 has the form of an infinite series of power
oscillations or interference fringes, as a function of
the optical delay D, or equivalently d; — d».
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e Because s can be interpreted as an angle on the sky
with dimensions of radians, adjacent fringes pro-
jected on the sky are separated by an angle given

by:

As = (2)

A
B



Polychromatic Sources, Interferometers...

e The response to a spectral source flux F, is an
incoherent sum of monochromatic responses (i.e.

Eqg. 1):

P = /dl/ 2AF(v)n(v) [1 + coskD]

(3)

e As an illustrative example take the source spectral
power to be constant, Fp, over the system band-
width, and take a specific bandwidth pattern — a
“top hat” pattern with constant throughput ng over
a band vo £ Av/2. Eqg. 3 becomes:

vot+Av/2
P = 2AF,,_0770/ dv (1 + cos2nvT)
vo—Av/2
. vo+Av/2
sin 2
= 2AF,_ono [V + >
2rT vo—Av/2
[ sinTtA
= 2AF,_onolAv |1+ TevT COSQﬂ'l/()T]
I TAvVT
[ sintAMN/ A2 D
= 2AF\_gnoA\ |1 0 — coskoD
A—070 _ + TANZ D 0 ]
[ sintD /A,
= AR onoAA |1 4+ SN TP/ Acon coskoD] (4)
| WD/Acoh

with 7 = D/c.




e And it is convenient to define a coherence length
/\coh:
g

= (5)

/\coh

e Two illustrative examples of the oscillatory argu-
ment of Eq. 4, showing fringe patterns at 20% (red
— Neon = BXo) and 10% (blue — A, = 10Xg) frac-
tional bandwidths.
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e (W. Traub, next...)
e That the fringes are centered on D = 0 can be ex-

ploited for astrometry (Shao, Hutter, and Colavita,
Wednesday morning; Johnston Friday morning).
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Off-Axis Source; Phase Tracking Center...

e Conventional to define (control) relative delay d> —
d; to equal (a model of) §o-B — we are at maximum
of fringe envelope function for source at sq. In this
context sg is our phase reference or phase tracking
center.

e Now we ask what is response from point source at
s offset slightly from the reference position so:

S =50+ As

If we write the fringe envelope function as M (A.on, D)
(M — 1 in the monochromatic limit), the output
power from the interferometer is:

P = 2AF (1 4+ M(Neon, AD) cosko(S-B —5p-B))
2AF (1 + M (Aeon, AD) cosko(As-B))

2AF (1 + M (NAcon, AD) cosko(AD)) (6)
with AD = As-B. In this construction the sky posi-
tion sp as defined by the relative delay d>—d1 defines

the phase reference of the interference fringes on
the sky.



Extended Sources

Back to the analogy of the Young's Double Slit...
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Extended Sources...

e Describe source intensity as function of sky position
S as F(8). Typically F has dimensions of power
incident per unit area per solid angle on the sky.

e Characterize throughput (collection efficiency) of
interferometer apertures as function of sky posi-
tion A(S,8p), assuming telescopes are boresighted
on phase tracking center so. Convenient to take the
dimensions of A as effective cross-sectional area,
such that product of A(S,80)F(8) dS2 is received
power differential.

e Detected power from resolved source is written as
straightforward extention of Eq. 6:

P(0.B) = [ d2AG50)F( 50) (7)
(1 + M (Neon, AD) cosk(As - B))

— /dQ A(As)F(As) (1 + cosk(As-B))

where I've supressed factor of 2 into magnitude

of A, and dropped the envelope function assumng

monochromatic source. I've also assumed that the
source is spatially incoherent in source coordinates.



e Consider adding a small relative (to nominal track-
ing center) offset § to one of the delay line arms

(d1):
P(s50,B,8) = /dQ A(As)F(As) (1 4+ cosk(As-B+6))
- / 19 A(AS)F(AS) (8)
+ cos ch/dQ A(As)F(As)cosk(As - B)

—sin kd / dQQA(As)F(As)sink(As-B)

e Conventional to introduce complex visibility V of
brightness distribution F' with respect to the phase
reference So and aperture function A:

V(k,B) z/dQA(As)F(As)e—“fAS'B (9)

e Using V we can write P concisely as:

P(80,B,0) = /dQ A(As)F(As)
+Re{V}coskéd + Im{V}sinké
= Py+ Re{Ve™} (10)

where aperture-integrated power is
Py = [dQQA(As)F(As)



e Alternatively, Optical Interferometrists (e.g. Michel-
son) deal with a normalized visibility whose modulus
is bounded in interval [0,1]:

_ [dQ A(As)F(As)e hasB

11
[dQ A(As)F(As) (11)

with which the detected power becomes:
P = Py (1 4 Re{Ve'™}) (12)

e Toseewhy Egs. 10 and 12 are progress, look closer
at V. To make things definite, let's take a coordi-
nate system where o = (0,0,1). Making a small
field/small angle approximation As is perpendicu-
lar to Sp and can be written in terms of angles «
and @ (units of radians):

As =~ (a,3,0)
and the normalized visibility becomes:

1 |
V(k,B) = / da dB F(a, B) e (aB:+0B,)

1 |
= = / da dB F(a, B) e~ 2milauthv) (13)
0

with spatial frequencies v and v defined by:

By  kB; B kB
— = v=—"2 =" (14)
A 27 A 27
Conventional to define v (x) and v (y) axes along

the RA and Dec directions respectively.
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Physical Interpretation of the Visibility
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Instantaneous fringe power given by integral of bright-

ness distribution with cosine kernel referenced to phase
center.

(Generally complex) visibility given by integral of bright-
ness distribution with exponential kernel referenced to
phase center. |V| = Vy,.

Different visibility components at different spatial fre-
quencies (u,v) accessible through different baseline pro-
jections (or possibly wavelengths).



Mathematical Attributes of the Visibility

e Source functions are real (scalar) functions of source
coordinates, so

V(—’LL, _U) — V*(’U,,’U)
...(almost like) buy one, get one free...

e Translation of source relative to phase center adds
a phase to the visibility; coresponds to translation
of source fringes in phase/delay space.

e Visibility for axisymmetric source is purely real (cou-
ples to the even part of the exponential kernel); Vis-
ibility for anti-axisymmetric source is purely imag-
inary (couples to the odd part of the exponential
kernel).

e Close analogy from Q.M. with a projection of state
(brightness distribution) in Hilbert space onto a
component described by spatial frequency (Dirac)
bra |u,v >.



The Canonical Imaging Procedure (CIP)...

The fact that Eq. 13 has the appearance of the familier
Fourier transform suggests:

e If one can devise a scheme to measure V(u,v) (V(u,v))...

e Measure discrete values V;(u;j,v;).

e Estimate sky brightness distribution from inverse
(discrete) FT of (discrete) visibility values:

Fla,B) o / du dv V (u, v) e2™i(autBv)

Falo, B) o< Y Vi(uj,v;) e2muth) (15)

J
o F4(a,B) is called the dirty image (map); it rep-

resents the true brightness distribution convolved
with synthesized beam point spread function:

Fd(aaﬁ) — .,/T(Oé,ﬁ) *p(aaﬁ)
with

p(a, B) = / du dv S(u, v) 2T atv)

S(u,v) = Z(S(u — ;) 0(v — v;)

e T here exist methods for estimating F given Fy
(J. Monier, J. Armstrong, Wednesday afternoon)...



Visibility of Unresolved Point Source(s)

Normalized brightness F = §(a — ag) §(8 — Bo)

Normalized visibility of the point source is:

V(u,v) = / dadB6(a — ap) §(8 — Po) o—2mi(au+pBu)
— e—27ri(aou—|—/60fu) (]_6)

i.e. a pure phase for all v and v, with modulus one.
This is what we mean by unresolved in the visibility
language.

Multiple (similar) sources through linear superposi-
tion:

1 :
)~ 3

Two (equal brightness) sources an interesting case:

V(u,v) — % <€—27rz'(aou—|—/6’ov) + e—27rz'(a1u—i—ﬁlv))
— 16—27rz'(aou—|—/6’ov)(1 + e—27ri(Aau—i—Aﬁv))
2
1
V(u,v)]? = 5 (1 4 cos2n(Aau + ApBv))

The two sources are *“unresolved” by the inter-
ferometer (|V(u,v)|? ~ 1) when (Aau + ABv) —
A6 B/A =0 (duh),

The sources become ‘“resolved” (|V(u,v)|? ~ 1/2)
when A6 ~ \/4B.



Visibility of the Uniform Disk

Stars emit a good fraction of their light in the visible
and infrared parts of the spectrum, and are (reasonably)
approximated by uniform disks (van Belle and Hajian,
Friday morning):

e Uniform disk diameter 6,
4

normalized brightness F = —5 -

e Normalized visibility given by:

4 .
V(U, 'U) / dOé d/B W 6_27m(ua+vﬂ)

e 2 2mipu, COS ¢
— d d —2mipv,

702 Jo pp/o ve

5_ [ dp p Jo(2 )
= — TV
2J1(mv.0)  2J1(m B/X0)

U0 ™ B/A6




e Compare to diffraction from a single aperture:

— Functional form is the same — visibility and Fraun-
hofer diffraction use the same integral kernel
(Green’s function).

— Characteristic angular scales given by A / B in
both cases.

— Uniform disk becomes “resolved” (V2 ~ 1/2)
when D ~ \/2B — “just” like filled aperture.
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Incoherent Spec V2
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Wrapup
What Should You Take Away From This Talk:

e Interferometers Aren't Particularly Mysterious (at
Least in Theory).

e Interferometers Provide Similar Resolving Power to
Conventional Filled Apertures of Same Size. We
(Presumably) Trade Fabrication Cost For Added
Complexity in Data Interpretation.

e Observables Are Fringes in Delay Domain. Fringe
Amplitudes — Visibilities — of Source Morphologies
are Predictable With Simple Theory. The Interfer-
ometer “Samples (A Component of) the Fourier
Transform of the Source Brightness Distribution™.

e For A Priori Unknown Morphologies Measurement
of Source Visibility vs. Spatial Frequency Can Be In-
verted to Infer Parent Brightness Distribution. (Mon-
nier and Armstrong Wednesday afternoon)

e Even When Ample Spatial Frequency Coverage is
Inaccessible, Or Only Certain Components of the
Source Visibility is Available, Theory Can Still Be
Exploited to Infer Interesting Physics For Simple
Source Morphology Models. (Dyck/Lawson this af-
ternoon; van Belle, Hartkopf, Hajian, and Danchi
Friday morning)

e All We Have to Do Is Measure Visibilities! ( Traub
this morning; Colavita and Mozurkewich Wednes-
day afternoon)
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